ABSTRACT. A folklore conjecture in number theory states that the only integers whose expansions in base 3, 4 and 5 contain only binary digits are 0, 1 and 82000. In this paper we present the first significant progress on this conjecture. Furthermore, we investigate the density of the integers containing only binary digits in their base 3 or 4 expansion, whereon a remarkable transition in behavior is observed. Our methods shed light on the reasons for this, and may also be applicable to a number of related and well-known questions on integer sequences. Finally, we present a generalisation of the above setting and introduce the notion of digit-special numbers, those numbers who do not contain some digit in their b-expansion for all b ≥ 3. In particular, we prove density results and that the set of digit special numbers intersecting the unit interval has zero Hausdorff dimension.
INTRODUCTION
The expansion of numbers in various bases gives rise to a number of exciting and notorious problems. Of these, the most notable is the Erdős ternary problem [3] , which conjectures that there are only finitely many integers n such that the ternary expansion of 2 n does not contain the digit 1, see [2, 8] for some recent developments. Other important related works include [20] . In this field, an intriguing folklore conjecture concerning the integer sequence [14] states the following. Conjecture 1.1. 0, 1, 82000 are the only integers whose base 3, 4 and 5 expansions contain only the digits 0, 1.
As well as attracting specialist audiences, this problem has been popularised in [11] . So far, numerical computations have not found any counter-examples up to 2 65520 . To our knowledge, the following is the first progress on conjecture 1.1.
Theorem 1.2.
For each > 0, there is a constant C > 0 such that #{k ∈ [1, n] : the base 3, 4 and 5 expansions of k contain only the digits 0, 1} ≤ C n .
Our methods can be used to show other similar results in a range of contexts. For example, one can show that an O(n ) estimate holds if we consider the set of numbers whose base 3 and 7 expansions contain only binary digits. Numerical computations show that the largest such number which is smaller than 7 3841 is between 7 43 and 7 44 . In addition, other candidates for the application of our methods include the integer sequences [15, 16, 17, 18 ] from the OEIS [12] . light on why the base 5 requirement induces such a dramatic transition. Numerical analysis of S, see Figure 1 , suggests that lim sup n→∞ log S n n log 4 = log 2 log 3 − 1 2 .
In addition, one may wonder if there are infinitely many n with S(n) = 0, and our next result, Theorem 1.3, confirms this fact.
Theorem 1.3.
For each > 0, there is a constant C > 0 such that S(n) ≤ C 4 n(log 2/ log 3−0.5+ ) .
Moreover, lim inf n→∞ #{n ∈ N : S ∩ [3 n , 3 n+1 ] = ∅} n ≥ log(2.25)/ log 9 ≈ 0.36907, and if n is such that 9 {n log 4/ log 9} ∈ (1.5, 2.25) ∪ (4.5, 6.75), then n ∈ {n ∈ N :
Note that, from the proof of Theorem 1.3, it may be deduced that the converse of the last statement in Theorem 1.3 does not hold, a fact further discussed in Section 5. . This is a plot of log S(n)/ log 4 n for n ∈ {1, . . . , 118}. The blue line is {y = log 2/ log 3 − 0.5}. The red dots indicates where S(n) = 0. According to this data, the density of 0 in this range is approximately 0.4576271.
The third and final focus of this paper concerns a generalisation of the above setting, by introducing the notion of digit-special numbers. We say real number x ≥ 0 is digit-special if the expansion of x in base b does not contain at least one digit from 0, 1, . . . , b − 1 for all b ≥ 3. Our primary result is the following, which, as an initial contribution to this field, we hope will provoke further investigations into this rich and fascinating topic. Theorem 1.4. For each > 0, there is a constant C > 0 such that for all N ≥ 1, the number of digit-special integers smaller than N is at most C N . In addition, the Hausdorff dimension of the set of digit special numbers in (0, 1) is zero.
PRELIMINARIES
In this section we introduce a number of required definitions and results from the existing literature.
2.1. Densities of integer sequences. Density is fundamental notion that describes the size of subsets of N. Let W ⊂ N be a sequence of natural numbers and define
The upper natural density of W is
and the lower natural density is given by
If these two numbers coincide we call the common value, denoted d(W ), the natural density of W . 
and the s-dimensional Hausdorff measure of F by
We then define the Hausdorff dimension of F to be
Box dimensions.
Let N (F, r) denote the smallest number of cubes of side length r > 0 required to cover F ∈ R n . The upper box dimension of a bounded set F is
and the lower box dimension of F is
If dim B F = dim B F , then we call the common value, denoted dim B F , the box dimension of F . Recall that for all
Invariant sets.
Given an integer k ≥ 2, let A k denote an arbitrary closed ×k mod 1 invariant subset of [0, 1] . That is to say, a ∈ A k =⇒ {ka} ∈ A k for all a ∈ A k , where {x} is the fractional part of x. We say that A k is strictly invariant if a ∈ A k ⇐⇒ {ka} ∈ A k . For each closed ×k mod 1 invariant set A k , it is known that dim
2.4. Equidistribution. Let T be a compact metric space and µ ∈ P(T ) be a Borel probability measure. Let X = {x n } n≥1 be a sequence in T. We say that X equidistributes in T with respect to µ if for each closed metric ball B ⊂ T ,
Suppose that X = {x i k } k≥1 is a subsequence of X such that {i k } k≥1 has positive upper natural density ρ > 0. X might not be equidistributed, but we may still consider the µ measure of its closure in T in some special cases. For example, it is not too hard to show that if T is the n-dimensional torus and µ denotes Lebesgue measure, then µ(X ) ≥ ρ.
Dipole directions.
Let A ⊂ R n be compact and consider
Intersections of invariant sets.
The methods we use in this paper rely heavily on the following result from [22] , which is a small but crucial improvement concerning uniformity on a deep result concerning a Furstenberg problem [5] proven in [19] and [21] .
Let k ≥ 2 be an integer and A p1 , . . . , A p k be closed invariant subsets of [0, 1] with respect to ×p 1 mod 1, ×p 2 mod 1 . . . p k mod 1, respectively. Assume that log p 1 / log p i for i ∈ {2, . . . , k} are irrational numbers which are linearly independent over the field of rational numbers. If 
DIGIT-SPECIAL NUMBERS
The purpose of this section is to present the proof of Theorem 1.4. We begin with two lemmas that develop the majority of the new machinery required. In what follows, we say that p 1 , . . . , p k are multiplicatively independent if 1, log p 1 / log p 2 , . . . , log p 1 / log p k are linearly independent over the field of rational numbers.
Lemma 3.1. Let k ≥ 2 be an integer and p 1 , . . . , p k be multiplicatively independent integers. For each i ∈ {1, . . . , k}, let a i ∈ {0, . . .
then the set of numbers in [0, 1] whose p i -ary expansion does not contain the digit a i for all i ∈ {1, . . . , k} has Hausdorff dimension zero.
3.1. Proof of Lemma 3.1. Let p ∈ N and a ∈ {0, . . . , p − 1}. Define
: the p-ary expansion of n does not contain the digit a}, adopting the convention that whenever possible a number x should be written with terminating digit expansion. A simple calculation shows dim B A p (a) = log(p−1)/ log p. Hence, if
Lemma 3.2. Let k ≥ 2 and p 1 , . . . , p k be multiplicatively independent numbers. For each i ∈ {1, . . . , k}, let
then for each > 0 there exists is a constant C > 0 such that for each N ≥ 1, #{i ∈ {0, . . . , N } : the p i -ary expansion of i does not contain a i for all i = 1, . . . , k} ≤ CN .
Moreover, if
A(a 1 , . . . , a k ) = {i ∈ N : the p i -ary expansion of i does not contain a i for all i = 1, . . . , k},
Proof of Lemma 3.2.
Let p ∈ N and for each a ∈ {0, . . . , , p − 1} define A p (a) = {n ∈ N : the p-ary expansion of n does not contain the digit a}.
Let k ∈ N, p 1 < · · · < p k be multiplicatively independent integers and (a 1 , . . . , a k ) be an arbitrary k-tuple with a i ∈ {0, . . . , p i − 1} for each i ∈ {1, . . . , k}. For brevity, we assume a 1 = a 2 = · · · = a k = 0 and note that all the other cases can be treated similarly. Thus, henceforth we write A pi for A pi (0). Define
We are interested in the intersection l K = K ∩ l with the diagonal line
First, for each (n, . . . , n) ∈ l K we want to find a suitable way to renormalize it. Thus, let (n 1 , . . . , n k ) ∈ N K be such that n i /n 1 ∈ [1, p i ) for each i ∈ {1, . . . , k} and define
where n 1 = n 1 /p 1 , and, for each i ∈ {2, . . . , k} we have
In other words, log(n i /n 1 ) = log(n i /n 1 ) + log p 1 if log(n i /n 1 ) + log p 1 < log p i , and otherwise log(n i /n 1 ) = log(n i /n 1 ) + log p 1 − log p i .
Since log(n i /n 1 ) < log p i we see that log(n i /n 1 ) ∈ [0, log p i ] in all cases. Let m be an integer such that p
. Iterating the above map T up to m times yields
By construction, a n is contained in
for suitable integers m 2 , m 3 , . . . , m k . For each i ∈ {1, . . . , k}, we see that
The p-ary expansion of x does not have digit 0} = B pi .
Observe that B pi is a subset of a scaled (by factor p i ) version of a closed ×p i mod 1 invariant set with Hausdorff dimension log(
) the points a n are contained in a line through the origin with direction vector (1, p {m log p1/ log p2} 2 , . . . , p {m log p1/ log p k } k ). Denoting this line as l m , we see that all values of a n (if they exist) must be contained in
Consider the intervals [n, n + 1] for n ∈ {p 
This concludes the first part. For the second, we utilise Section 2.4.
Suppose that a n ∈ [p to have dimension at least k − 1, by Section 2.5. This is a contradiction and concludes the proof of the second part. 
It may be easily numerically computed that the following convergent sum
and, in fact
Note that p 26 = 101, the 26-th prime number. Next, we apply Lemma 3.2 with k = 26 and a collection a 1 , . . . , a k chosen arbitrarily. Fix a small number > 0, for each such collection of a 1 , . . . , a k , there is a constant C a1,...,a k such that among the first N integers, all but at most C a1,...,a k N many of them contain a i in their p i -ary expansion for at least one i ∈ {1, . . . , k}. There are finitely many choices of the tuple a 1 , . . . , a k , and thus setting
completes the first part of the proof. For numbers in (0, 1) we may argue similarly.
NUMBERS WITH ONLY BINARY DIGITS IN DIFFERENT BASES
In this Section we prove Theorems 1.2 and 1.3.
Proof of Theorem 1.2.
We utilise the general strategy found in the proof of Lemma 3.2. Note that, for a base b, the set A b of numbers in [0, 1] whose b-ary expansion contain only the digits 0, 1 has Hausdorff dimension log 2/ log b. Thus, Theorem 1.2 follows by a direct modification of the proof of Lemma 3.2 together with the fact that log 2 log 3 + log 2 log 4 + log 2 log 5 ≈ 1.56161 < 2 = 3 − 1.
4.2.
Proof of Theorem 1.3. First, observe log 2 log 3 + log 2 log 4
Hence, we may not proceed as before by utilising the method of Lemma 3.2.
By a result in [21] and [19] , l ∩ A 4 × A 3 for any line not parallel with the coordinates has dimension at most log 2/ log 3 + log 2/ log 4 − 1. This is the reason for the exponent that appeared in Theorem 
and dim H A 3 + dim H A 3 ≤ log 2/ log 3 + 0.0001.
By applying the argument in the proof of Lemma 3.2, for each integer n ≥ 1, we may map {x = y}∩{x ∈ [4 n , 4 (n+1) ]} to a line passing through the origin with slope 9 {n log 4/ log 9} . Denote this line l n . We wish to estimate how large l n ∩ A 4 × A 3 ∩ {x ∈ [1, 9]} may be. Considering l n ∩ A 4 × (A 3 + A 3 ) , we note this can be written as
In general, (l n − (0, t)) ∩ A 4 × A 3 is small for each individual t, however, since there are uncountably many elements in A 3 , we cannot say anything about the union. However, in our discrete counting case we may bypass this issue. Our aim is to decompose A 3 in such a way that we can perform the uniform small dimension result discussed in Section 2.6. Let m, r be two integers with m ≥ 2 and r ∈ {0, . . . , m − 1}. Denote A 3 (m, r) to be the subset of A 3 consisting those numbers whose ternary expansion may only have the digit 1 in the (km + r)-th positions for all integers k ≥ 0. We then observe
as a sumset. Choosing an integer s < m − 1 such that
and
yields A 3 = A 3 + A 3 . By choosing m to be suitably large as well as s we may force 0.49 < dim H A 3 < 0.5.
Recall that we wish to investigate l n ∩ 4A 4 × 27A 3 . In particular, we wish to count the number of points in l n ∩ 4A 4 × 27A 3 whose x coordinate is of form k/4 n , k ∈ {4 n , . . . , 4 n+1 − 1}. If a ∈ l n ∩ 4A 4 × 27A 3 , then there is a t ∈ 27A 3 such that (a − (0, t)) ∈ 4A 4 × 27A 3 . It is easy to check that we only need to consider those t with a terminating ternary expansion of at most [(n + 1) log 4/ log 3] many digits in total.
Let > 0 be a small number. There exists is an integer N such that we can may apply Section 2.6. Assume that n ≥ N , and for each t as above we see that (l n − (0, t)) ∩ 4A 4 × 27A 3 can be covered by at most 4 n balls of radius 4 −n . Moreover, there is a constant C (depending only on m) such that there are no more than C4 n(log 2/ log 3−0.49) many such t to be considered. Hence, l n ∩ 4A 4 × 27A 3 can be covered by at most C4 n(log 2/ log 3−0.49+ ) many balls of radius 4 −n . This implies that among all integers in [4 n , 4 n+1 ), there are no more than C4 n(log 2/ log 3−0.49+ ) many of them with base 3 and 4 expansions containing only binary digits. We can replace 0.49 to be any number smaller than 0.5 (by choosing m to be large enough), concluding the proof of first part of Theorem 1.3.
For the second part, note that l n is a line passing through the origin with slope 9 {n log 4/ log 9} . As n varies through the natural numbers, 9
{n log 4/ log 9} , n ∈ N will take values in the across [1, 9] . 
Since the slopes equidistribute across [1, 9] , directly computing the proportion of such regions in [1, 9] shows the above intersection is empty for at least a 0.36907 portion of N.
DISCUSSION, CONJECTURES AND OPEN PROBLEMS
In this section we provide some broad insights into the above topics to help spark future work. Divided into three subsections, the first deals our numerical analysis on digit special numbers, the second with binary expansions in base 3 and 4, and the last with related open problems.
5.1. Digit-special numbers. We have computed the approximate number of digit special numbers lower than 3
36 . In order to check whether n ∈ N is special, it suffices to check its base g expansion for 3 ≤ g ≤ b and g either a prime number or 4, where b is the largest prime such that b b ≤ n. In the following, we denote this collection of bases B n . If we choose a digit for each base g, then the amount of numbers whose base g expansion misses the chosen digit in each base for all g ∈ B n is O(n s+ ), where
To understand this choice of s we direct the reader to the hypotheses of Lemma 3.2 and the decomposition method found at the beginning of the proof of Theorem 1.3. As there are g∈Bn g many choices of different possible combinations of missing digits, a very rough estimate for the amount of specialnumbers less than n is
in Figure 3 we compare Est(n) with the actual data, by plotting G(n) = log Est(n)/ log n and R(n) = log Real(n)/ log n. Specifically, it is worth observing that the estimates appear to become quite precise for n ≥ 31.
FIGURE 3. This is a plot of R(3 n ), G(3 n ) for 8 ≤ n ≤ 36. Corollary 1.4 implies that the R dots will eventually drop near 0.
Although the estimates are somewhat crude, they approximate the true values surprisingly well for large n. In order to establish the theoretical reasons for this, further quantitive information on the constant C appearing in Lemma 3.2 is required.
In conclusion, the overarching message of our analysis is that digit-special numbers are exceptionally rare. Thus, we conclude this part of the discussion with the following two conjectures, which constitute a strengthening of Theorem 1.4. 
5.2.
Binary digits expansions in base 3 and 4. Next, we will discuss some further conjectures and questions relating to the sequence [14] on numbers with only binary digits in their base 3 and 4 expansions. For [14] , it would be interesting to compute the exact density of the appearance of 0. Recall that in Theorem 1.3 we showed that 0 must appear at a lower density of at least 0.36907. In addition, Figure 1 suggests that for the non-zero terms it seems likely the exponent log 2/ log 3 − 0.5 is essentially sharp. The following questions makes this precise. In relation to Question 5.4, note that for the last part of Theorem 1.3, we were required to identify the proportion of slopes in Figure 2 avoiding a cantor-like set. The estimate given is based on just the largest interval of such slopes. In fact, there are smaller gaps that we did not point out, as illustrated in Figure  4 , which is a zoomed-in picture of Figure 2 . Including these further regions in the calculation yields a small improvement of approximately 0.0115 to the lower density estimate. Thus, the heart of Question 5.4 is to compute the sum of the lengths of all such gaps. As a final question, note that thus far we have separately discussed integers and numbers in (0, 1). However, the similarity in the methods used suggest a potential connection, which we describe in the following conjecture. for all integers N. If s < k − 1, then A is finite.
Related questions.
We conclude with a short discussion of some potentially valuable avenues in which to explore applications of our methods. One such relates to perfect powers with identical digits, see [1] and [7, Problem D10] . It is conjectured that there are only finitely many integer solutions to (5.1)
for x > 1, y > 1, n > 2, q > 2. Expanding the left hand side of the equation we see that
Thus, the problem is reduced to finding powers of integers with only digit 1 in some integer bases, highlighting a significant correspondance with the focus of this paper. It is of further interest to note that in [1] , it was proved that equation (5.1) has only finitely many solutions. for x ∈ [2, 10].
Another possible application concerns some major open questions in the theory of primes with restricted digit expansions. For example, it is conjectured in [9] that the set A of primes with no digit a ∈ {0, . . . , 9} satisfies lim n→∞ #(A ∩ [1, . . . , n]) log n n log 9/ log 10 = κ(a), where κ(a) is a positive number that can be computed. The current state of the conjecture relies on a result in [9] , which proves the existence of two constants c and C such that c ≤ #(A ∩ [1, . . . , n]) log n n log 9/ log 10 ≤ C for all n ∈ N.
